Y7NEFR CALCUL
DE PRIMITIVES
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Concepte de primitiva

NOMBRES I POTENCIES SENZILLS

1.a)f1dx=x b)fzdx=2x c)f\/de=\/?x
2.a)f2xdx=x2 b)fxdx=§ c)f3xdx=%
4. a) [Bx2 dx = 2 b)fxzdx=x?3 o 2x2dx=sz§
5. a) [6x5 dx = 16 b) x5dx=% o 3x5dx=%=§

POTENCIES D’EXPONENT ENTER

6-a)f(—1)x‘2dx=x‘1=% b)fx—zdx=’j__ll=% o) %dx=%
7.a)f%dx=;—12 b)f%dx=2_—;z
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8.a)f(x_13)5dx= 4(;3)4 b)frs?,)sdx=2(x_—33)z

LES ARRELS TAMBE SON POTENCIES

3 12 Z 3/2 _ \JAB 3 (3 .,12_ ,32_+3
9.a)f2x dx = x Vx b)fzxfxdx fzx X Vx

~ _2(3 . 12_2 32_273 ~ _ o 14 73
10.a)f\/xdx szx 3x 3\/x b)f7\/xdx 7f\/x 3\/x
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11. a)fx/?x dx =fx/§\/§ = x/gfx/} =
f“zv V2o

12. a)f%x‘l/2 dx = xV2 = Vx

3 1 i
13.a) [ —2—dx =3[ — =3Vx
2Vx 2Vx

'3/2 =

14. a)f\/.ﬁnc3 dx =
1

15.a)f— dx = In | x|
x

16.a)f$ dx =mnlx+5I

ALGUNES FUNCIONS TRIGONOMETRIQUES

17. a) |cos x dx = sin x

18. a) | cos (x + —) dx = sin (x+ l)
2 2

19. a)f(—sin x)dx = cos x

20. a) |sin (x —n) dx = —cos (x — 1)

2\/5 V2V
3
\/ 2 5 _ 2V2 m_ 2v2xd

b [ dx = Vx
2\/x

b)f\/ix ) gfﬁ i %‘/57

b)f\/ﬁdx=\/7f\/ﬁ=%\/ X

(L aw=L2 =L sl
5x 5J 5x 5
3 32 _3
R s o) oxag Ty zrrol

b)f2cosxdx =2sinx
b) coslxdx—; ZCOSZX—%SZHZ.X
b) |sin x dx = —cos x

b) siandx=% 251'1/1296‘:%6052.%

21. a)f(l +1g2 2x) dx - %fzm 162 220 = % 19 2x

b) tg22xdx=f(1+tg22x—1)=f(1+tg22x)—f1=%thx—x

ALGUNES EXPONENCIALS

22. a)fex dx = e¥
2x _1 Zx_l 2x
23.a)fe dx —EfZe = e
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b)fe"“’ldx=ex+1

b)fe2x+1dx= lf292x+1 _ l6,2x+1
2 2
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1. Calcula les integrals segiients:

a)f7x4dx b)flzdx c)f\/;dx
3 —— 3
d)f\/ixz doc )f\/x +V5x3 doc f)f\/Sx
a)f7x4dx=79; + k= ?+Ie
L e (2= Xy e L
b) > dx fx Ttk k
™ 3/2 2Va3
= 12 = X =
c)f\/x dx fx 372 +k 3 +k
3 —— 3 — — 5/3 V%
D (Vo2 e (V52552573 o 3 k
)f S5x° dx f x 573 + 5 +
V;"'\/% _ x1/3 \/gxm _ 1 -2/3 ‘/g 1/2 _
e)dex v ) A ?fx +7fx
=lxl/3+‘/—gx5/2+/e=i%/;+2\/%+/e
3 1/3 3 3/2
U g [ N S
\/Sx V3 453 V3 V3 13/6 13V3
2. Calcula:
a) x4—5x2+3x—4dx b) x4—5x2+3x—4dx
f X f x+1
4
—5x2+3x — 4 x3
c)f e D [ dx
xt —5a? +3x-4 ,  _ ( _i)zx_/*_si B
a)f ” dx f —5x+3 ” 7 5 +3x—4Inlxl +k

b)fx4—5x2+ 3x—4

x+ 1

dx=f(x3—xz—4x+7— 11 )=
x+1

i3
=X X o2+ 7x—11nlx+ 11 +k
4 3
A _ 5,2
c)fx_SX+3x_4d f(xz 6+SX+2) f(x2—6+ Sx 2
x?+1 x*+ 1 K+l a1

f f6+2fx+l fx1+1=
x5 3

=?—6x+? x>+ 1D +2arcigx+k
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3 3
d)f X dx=f(x2+2x+4+ 8 )=i+x2+4x+81n|x—2|+/e
xX—2 x—2 3
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3. a)f(Sx —5ig x)dx b)f(Scos x +3)dx
) f (3tg x —5cos x) dx d f (10° — 5%) dx
a)ﬁ —5Mn(cos x) + K b) 55inx+3—x + K
2 n3
¢) —3In(cos x) — S5sin x + K d) 10 _ 5% Lk
n10 Ins
4. a) dx b) 2x dx c) ax? — 1 dx d) x —1)? dx
x2+1 x2+1 x2+ x2+1

) 3arcigx+ K b)n(x?>+ 1D+ K o x—2arcigx d)x—Ix*>+1)+K
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5. Calcula:

a) [cos* x sin x dx b) f 28X cos x dx

5
a)fcos4 X Sin x dx = —fcos4 x(=sin x) dx=— COSS Xk

Zsin X

In?2

+ kR

b)f SINX cos x dx = Lf SX cosx - In 2 dx =
n?2

6. Calcula:

a) |cotg x dx b) f 5x dx
xd+1

a) cotgxdx=fa,)sx dx=1Inlsinx| +k
sin x

_5 2
b) | —=—— == Ix = = arc1g(x*) + k
x+1 f1+(xz)2 2 s
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7. Calcula: | x sin x dx
—x-cosxt+sinx+ K
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8.

Calcula: f x arctg x dx

x - arclg x— (1 + x)+ K
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9.

10.

Calculafx4ex
fx4 Cev=xt ex—f4x3 ceNdx = xt-eX—4 (X3 eX dx =

=xt X4 [xd e —3x2 ¥+ 6x - =6+ k=X (xt— 43 +3x2—6x +6) + k

Calcula f sin* x dx. Calcula préviament f sin?x dx.

Fem primer f sin? x dx

fsmz xdx=fsin x~sinxdx=—sinxcosx—f—cosz xdx=—sinxcos+fcosz X dx =

u =Ssinx V= Ccosx
u'=cosx v =sinx

=—sz’nxcosx+f(1 — Sin? x) dx=—5mxcosx+fdx—fsinz X dx =
s e (sin? x d
x—sin x cos x— [ sin? x dx
Siigualem els dos termes:
fsinz xdx=x—sinxcosx—fsz‘n2 X dx
20 sin? xdx=x-sinxcosx+ k

fsmzxdxzx—smxcosx +k=ﬁ_sm2x +k
2 |2 4

| Sin 2x = 28in x cos X |

Ara fem f sin’ x dx

fsz’n4 x dx =fsin2 x (1 = cos® x) dx =fsz‘n2 xdx—fsmz x cos? x dx =fsz‘n2 x dx—

Sin 2x = 28in x cos X
Sin? 2x = 4sin* x cos® x

—f% - sin? 2xdx=fsin2xdx—%fsin2 2xdp =X _Sm2x 1 [ﬁ— SmZM] k=

3x  sin2x + sin 4x s

8 4 32
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11. cCalcula: f 3x2-5x +1 dx
x—4

5 2
Sa"—5x+ 1 dx=f(3x+7+ x29 )dx=%+7x+ 29 In lx—41 +k

xX—4 —4

2
12. cCalcula: f 3x"—5x+1 4

2x +1
fst 5x+ 1 f(3x_ﬁ 17/4 )dx:
2x+ 1 2x+ 1
2
=i'x——£x——7ml2x+ll + k= ﬁ—ﬁ
2 2 4 8 4
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13. calcula:
5x — 3 x?—2x +6
a) [2X=3 ax )f
x3—x (x -1)
a) Descomponem la fraccio:
S5x—-3 _ 5x—=3 _ A, B , C
Xox xx-Dx+1 x x-1 x+1

5x=3 _ Alx—D(x+ 1D+ Bx(x+ 1) + Cx(x=1)

3 — x x(x—D(x+ 1)

Sx—3=A(x—D(x+ 1) + Bx(x+ 1) + Cx(x—1)

Busquem A, B i C donanta x elsvalors 0, 1i-1:

x=0 = 3=-A = A=3
x=1 = 2=2B = B=1
=-1 = -8=2C = C=-4

Aixi doncs, tenim que:
X3 —x

b) Descomponem la fraccio:

2
xX*-2x+6 _ A . B . C

7 In2x+11 +k

(2+L— 4 dx=3mnlxl+ nlx=11 —4nlx+11 +k
X x+ 1

_ Ax-1D*+Bx-D+C

(x =13 x=1  (x-1? (x-1)P°

—2x+6=Ax-1)2?+Blx-1D+C
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Sidonem a x els valors 1, 0 i 2, queda:

1 = 5=C A=1
0 = 6=4A-B+C !\ B=0
2 = 6=A+B+C | C=5

2 8] R
[

Per tant:

de=f( 1. 5 )dx=ln|x—1l—;+/e
(x -1 x—=1  (x-13 2(x—1)?

14. cCalcula:

x3 +22x2-12x + 8 x3—4x?+ 4x

2) x4 —4x2 dx b)fx4—2x3—4x2+8xdx

a) &t — 4o = 22— 4) = (- 2 (x+ 2)
Descomponem la fraccio:

X3+ 22x%2—12x+ 8
X2(x—2)(x+2)

B, _C D
X2 x—2 x+2

-4,
X

X+ 22x%2 - 12x+ 8
xX2(x—2)(x+2)

Ax(x—2)(x+2)+ Blx—2)(x + 2) + Cx2(x + 2) + Dx*(x—2)
x2(x—2)(x+2)

X0+ 22x2 —12x+ 8 = Ax(x— 2)(x+ 2) + B(x—2)(x+ 2) + Cx2(x+ 2) + Dx*(x—2)

Busquem A, B, ¢ i D donanta x els valors 0, 2, =21 1:

x=0 = 8=-4B = pB=-2
x=2 = 80=16C = (C=5
x=-2 = 112=-16D = D=-7
x=1 = 19=-34A-3B+3C-D = -34=-9 = A=3
Per tant:
3 2 _
fx +22x 12x+8dx=f(é_i+ 5 T\ =
Xt — 42 X 52 x—-2 x+2

=3 Inlxl +%+51n|x—2| —7Inlx+2l +k

b) La fraccio es pot simplificar:

x5 —4x? +4x x(x—2)? _ 1

X 2x0 —4x? + 8x  x(x—22(x+2) x+2

3 42
f X3 — 4x? + 4 dx=f 1 de=Inlx+21 +k
xt = 2x3 — 4a% + 8x X2
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EXERCICIS | PROBLEMES PROPOSATS
PER PRACTICAR

15. Calcula les segiients integrals immediates:

a)f(4x2 —5x + 7)dx b)f% c)f2x1+ 7dx d)f(x —sin x)dx

3 2
a)f(4x2—5x+7)dx=%—%+7x+/e

dox . A5 5Vt
b) &= = (x5 dx= + k= +k
i 7l R i

c)f L =L miow+71 42
2x+ 7 2
22
d)f(x— sin x) dx = 7 +cosx+ k
16. Resol aquestes integrals:

a) f(xz +4x) (x2 = 1Ddx b) f(x —1)3dx

c)f\/?T?c‘dx d)f(sin x +eX)dx
a)f(xz + 4x) (x2—1)dx=f(x4+ 423 — X2 — 42 dx = x?’ + xt%‘% —2x2+ k

b)f(x-1)3 o = 0“4 * ok

X 2v303

k
372 3

c)f\/ﬁx dx = f\/S XV dx=vV3 2

d)f(sz’nx+ e¥) dx=—cosx+eX+k

17. Calcula les integrals segiients:

a) f \/_dx b) [ sin (x — 4)dx ©) f

COS X

dx d) f(ex +3eX)dx

4/3 X
- d. — 1/361 1 Ie=—5 \/— k
a)f’\/ \/2 Vo 43 ' 4 2 7
b)fsz’n(x— 4dx=—cos(x—4)+ k
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18.

19.

20.

c)f 7 dx=71gx+k
cos? x

d)f(ex +3eMdx=e*—3e ¥+ k

Troba aquestes integrals:
a)fzdx b)f dx c)fx+;/xdx d)f 3 dx
x x -1 x 1+x2

a)fidx= 2Inlxl +k
X

b)f aX_ _ plx—11 +k
x—1

df’”fx dx=f(l +x—5/2) dx=Inlxl — 2 +
X X Vax

d)f 3 dx=3arctgx+k
1+ x°

Resol les integrals segiients:

dx dx dx
ax b) [—4* _ —4)2d d 2>
a)fx—4 )f(x—4c)2 C)f(x ydx )f(x—4)3
. dx  _ _
d)fx_4 nlx—41 + k

dx -1
b = k
)f (x—42 (-4 ’
c)f(x—4)2dx= (95_—34)% + bk

dx _ (x—4)~? -1
df[—EL— = — 4D dx= T v h=— T+
)f (x—4)3 f(x S -2 2(x —4)?

Troba les segiients integrals del tipus exponencial:

a) [e**dx b)fe‘zx *9dx o) [e5* dx d)f(?;x —x3dx

a)fex’Z‘ dx=eX"4+p

b)fe’2x+9dx= %f—Ze’zx“) dx = _719’2’”9+/e
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c)fesx dx = %fSesx dx = %e”ﬂe

X _ A = 3X _E
d)f(3 X3) dx 3 4+1e

21. Resol les segiients integrals del tipus arc tangent:
a)f dx b)f 4dx C)f 5dx d)f 2dx
4 +x? 3 +x? 4x2+1 1+ 9x?
a)f dx =f 1/4 dx=lf—1/2 dx=imfctg(£)+/e
4 + &2 1+ (x/2)° 2J 1+ w22 2 2

V3 V3 Vv
bf34+d;2 f1+(x/\/3)2 - 3fl +1(;/\3/5)2 dhe = 433 m”g(\/is)Jrk

S5dx  _ 5 2 dx
4x2+1  2) Qu*+1

= % arc tg 2x) + k

2dx _ 2 3dx _ 2
d) == | 2= == arctg(Bx) + k
f1+9x 3J1+@B0? 3 &

22. Expressa les integrals segiients de la forma:

dividend _ quocient + residu
divisor divisor
I les resols:
— 3 _ 2 —
a) x2 5x+4 b) (X 3x?%+x ldx
x+1 x -2

2 2
a) mdx= (x—6+ 10 )dx=x——6x+1oln|x+1|+/e
x+1 x+1 2

b)fx3_5x2+x—1 dx=f(x2—X—1— 3 )dx=

x—2 x—2
3 2
=X X x—3mlx-21+k
3 2

23. Troba aquestes integrals sabent que son del tipus arc sinus:
X

a)f”’—L b 2> c)fe—dx d) f"—xi

V1 — 4x2 V4 —x2 V1-e?* xV1—(0n x)>?

2 dx 1 )
) = = sin(2x) + k
! f\/1—4x f\/l—(Zx)z 2 ey

b)f dx = 12dx _ _ arcsm( )+ k
Vi-2 JVi-2? 2
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eX eX )
O [ —————dx=[ ———— dx=arcsin(e®) +k
f\/l—ezx f\/l—(e")2

_ VX dx e sin(nlxl) + &

d X
fx\/l — (In x? V1 = (In %?

24. Resol les integrals segiients, sabent que son de la forma

ff”(x) S ()
a) [cos x sin3 x dx b)foe"zdx c)f(xdx

2+3)5

10,4
a)fcosxsm3xdx= % +k

b)f2xe"’) dx= e+ k

- 2 —4
X dx =%f2x(x2+3)”dx=l (x> +3) + b=

(a2 +3)° 2 4

4
d)f—ln5 = I

25. Resol les integrals segiients:
a) [x4e* dx b)fxsinxzdx c)fd—i
V9 —x2
a)fx4 eX dx = %foZ‘ e dx = %e”s +k

b)fxsz’nx2 dx = %fosinxz dx = _—21 cos x> + k

1/3 dx
<) = ar m( )+ k
f\/9 x2 f\/l—(x/5)2 B

dx o=
D2 = VaZ+5 +k
f\/x +5

26. Resol les integrals segiients:

a) (sin x cos x dx b)fsmxdx c)f\/(x +3)5 dx d)f2

COS- X

2
. sin® x
a)fsmxcosxdx= 5 + k

X ~4
by [(SIXAY - i x) - cosS xdx= —C X 4 p=
cos® x —4
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—+k
8(x? + 3t

1

4 cost x

+ k

x dx

Va2

+5

—3x

d)fllnsx dx
x

dx
2



C)f\/mdx=f(x+ 3)5/2 dx = (x;/52)7/2 + k= 2\/(x7+ 3’ +k

d)f -3x dx=lf —12x dx=lln|2—6x2|+/e
2 — 6x? 4J 2 - 6x?
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27. Aplica la integracié per parts per resoldre les integrals segiients:
a) [xIn xdx b)f3xcosxdx c) |arcig x dx d)fxe‘xd.x

a)fxlnxdx

u=Inx — du=ldx
X
X2

dv=xdx — V=

1\>|§§\)

2 2
xInxdx= mx— X de=2 mmlixl -2 +p
2 2 4

b)fo cos x dx

f5x- cosxdx=3fx- cosx dx=x - sinx—fsinxdx=xsinx+ cosx + k

C)farctgxdx
u=arclgx — du=mdx
dv=dx — v=x
arclg x = x arc g x — 1 6t’x=xan’ctgx—l 2% =
1+ x? 2J 1+ x?

=xarctgx—%ln(1 +x%) + R

d)fxe‘xdx
fx- e‘xdex-(—e‘x) —f—e"“ dx=-x- ¢ -+ k=c"(—x-1)+k

u=x v=e~
u'=1 v'=e*

28. Resol les integrals segiients aplicant dues vegades la integracié per parts:
a)fexcosxdx b) [x? sin x dx c)f.anc2 e%x d) [cos (In x) dx

608
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a)fex-cosxdx=| e“-smx—fe’“-smxde ex-smx—[ex(—cosx) —fex-(—cosx)dx]=
u=e" wv=sinx u=e" v=-cosx
u'=e*¥ v'=cosx u'=e* v=sinx

=esinx+ ¥ cosx—|e¥ cosxdx+ k

Agafant la primera i I'Gltima de les igualtats, construim:
fex cos x dx = eX(sin x + cos x) —fex cosxdx+ k
2fex cos x dx = e*(sin x + cos x) + k

fex cosxdx=%(smx+ cosx) + k

X% sin x dx = x*(—cos x) — | 2x - (=cos x) dx = —x* cos x X cos x dx =
b) [ x? d | 2 ) — [2x - C ) d 2 +2 d |
u=x* v=-cosx u=x v=sinx
u'=2x v'=sinx u'=1 v'=cosx

=_—x% cosx+ 2 [x sinx—fsinxdx] =_—x% cosx + 2x sinx + 2x cos x + k

2 ,2x
(:)fxz'e2’“dx=xz-%92’”—1‘29«%e2xdx=$—fx-e2’“dx=u

| 2
u=x2 p=Lex u=x v=Lex
2 2
u'=2x v=ex u'=1 v'=ex
2 2 22X 2 2X 2 2X
@ L g o x e 1 e e x e e
2 2 2 2 2 2 2
2.X
Sl PRV 1)
2 2

d)fcos(lnx) dx|=f1 ~cos (Inx) dx =x- cos(lnx)—f[sm (lnx)~% s xdx =

u = cos (In x) V=X

u'= —sin (an)'% V= x

=xcos(Inx)+ |sin(Inx)dx=xcos(nx)+ |1 sin(lnx)dx=

Tx- cos (Inx) +x - sin (Inx)— | cos (In x) dx

u = sin (In x) v=X

u'= cos(in x) L v'=x
X

Construint una igualtat amb el que esta marcat:
fcos (In x) dx =x cos (In x) + x sin (In x) —fcos (In x) dx
chos (In x) dx = x cos (In x) + x sin (In x)

fcos (Inx) dx =% cosz(ln x) xsinz(ln X
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29. Resol les integrals que es proposen a continuacio:

a)fx -2 dx b)farc cos x dx ©) [ x cos 3x dx d)fx5e‘x3dx

a)fx-Z’xdx
u=x — du=dx
= 2=X __2_x
dv =2 X v—ln—z

x27% dx = —x- 27 277 dx = =X 27,1 27X dx =
In?2 n?2 n?2 In?2

_x- 27X 3 2—X
n?2 (In 2)?

b)farccosxdx
U= arccosx — du=_—1dx
V1 — x?
dv=dx — v=x
farccosxalx=xarccosx—fi dx=xarccosx—V1— x* +k
V1- x?
C)fxcosﬁxdx
u=x — du=dx
dv = cos3x dx — U=%Si7l3x

fxcos3xdx= % sinSx—%fsinSxdx= % sin 3x + % cos3x + k

d)fx5 e dx= a3 a2 e dx
u dv

u=x3 — du=3x%dx

3
dv=x*e™ dx — pv=—¢~*

fxse‘x% dx=_TxSe"‘5+fx2 e‘xﬁdx=_79pe—xj_%e—x?’+k:

_ XD 8y,
3

30. Aplica la descomposicio en fraccions simples per resoldre les integrals se-

gluents:
1 3x3
W [rea—e o b) [ 35 da
x2+1 4
C)fx2+x dx d)f—x2+x_2 dx
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)fx2+4x+3 dx f)f _Q.IxG xT_2x_15 9%

) 1 .4 B _ Alx—-2)+Bx+3)
4 x2+x 6 (x+3)(x-2) x+3  x-2  (x+3)(x-2)

(A+B)x+ (3B +24)

(x+3)(x-2)
1
A+B=0 A=——
5
3B+24=1 B=%
fx2+x 6dx f —1/5 d f 1/5 =—%Zn|x+3|+%ln|x—2|+/e
3x5 ~ 12x 12x ~ A B
b)z—g =3+ 23 _3X+(x—2)(x+2) =N Ty Y N2

A+B=12 A=6
24-2B=0 B=0

xX—2 X+ 2 2

1—x_1+ 1-x —l+é+ B
X2+ x x(x+1) x  x+1

+
+

fx3x4dx f(3x+ 0 + 0 dx=éx2+6ln|x—2|+6ln|x+2|+/e
1
<) o

X2
x2

{A+B— 1 A=6
A=1 =_

1 -2
fx+1dx f( s dx=x+n | x| - 20n |x+ 1| +k

x + x x+1
d 4 = 4 s . B
R+x-2 x+Dx-D x+2  x-1
A+B=0 __4
3
2B-A=4 B=2
3
4 —4/3 4/3 4 4
fx2+x—2dx=fx+2dX+fmdx=?ln|X+2|+gln|x—1|+/e
) Zidxi3 L7 —ix=3 g, x-3 .4 B
v ax+3 +dx+3 T Grnx+D 1T x+3 T a1
a-_2
2
B:l
2

X2+ 4x+ 3 x+3  x+1

2 —
dex=f(1+ P2 4 A2 o= e D w3 Sl xv 1| 4k
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P R [ __4 B
X-2x-15 (x+3)(x-5 x+3 x-5

A+B=0 A=2
3B-5A4 =-16 =-2

-16 2
fx2—2x—15dx=f(x+3+ _S)dx 2In |x+ 3| =2n|x-5| +k

31. Resol les integrals segiients:

2x — 4 dx )f(x 2x +3

(x-1D%*(x +3) 2)(x+5)
1 3x —2
o) [———adx d) dx
f(x—l)(x+3)2 f
2x—4
(x—1D? (x+3)
Descomponem en fraccions simples:
2x—4 N S B +_C
(x-D*(x+3 x-1 (x-D* x+3
2x—4 _ Alx—D(x+3) + Blx+3) + Clx—1)?
(x—D*(x+3) (x=1D*(x+3)

2x—4 = Alx— D(x+ 3) + Blx+ 3) + Clx—1)>
Busquem 4, B i C:

x=1 — -2=4B — B=-1/2
x=-3 — -10=16C - C=-5/8
x=0 — —4=-34+3B+C — A=5/8

Per tant:
f 2x—4 dx:f 5/8 dx + -1/2 dx+f_5/8 o =
(x—1D? (x+3) x—1 (x—1)? x+3
= lx—11+ L. 1 —iln|x+5l+/e=iln xolp, 1
8 2 (x-1 8 8 x+3 2x—12
2x+ 3
b)f o X
Descomponem en fraccions simples:
2x+3 __ A4 B _ Ax+5 +Bx-2)
(x=2)(x+5 x-2 x+5 (x=2)(x+5)

2x+3=A(x+5) + B(x-2)
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Busquem A4 i B:
x=2 — 7=7A4 - A=1
x=-5 — -7=-7B — B=1}

Per tant:
%dpfﬁdmfﬁdm

=nlx=21 +nlx+51 +k=ml(x-=2)(x+5]| +k

1
Y| ———— d
Cf(x—l)(x+3)2 "

Descomponem en fraccions simples:

1 __ 4 + B + C
(x-D(x+3? x-1 x+3 (x+3)?

1 _ Alx+3)*+ Blx— D(x+3)+ Cx—1
(x—1) (x+3)? (x—1) (x+ 3)?

1=A(x+ 3%+ Blx— D(x+3)+ Clx-1)
Busquem A4, B i C:

x=1 —= 1=164 - A=1/16
=3 - 1=-4C - C=-1/4
x=0 — 1=94-3B-C — B=-1/16
Per tant:
f—1 dx=fl/16 dx+f_1/16 dx+f——1/4 dl =
(x—1 (x+ 3)? x—1 x+3 (x + 3)?
- L 11 - L 1.1 -
T nlx—-1I1 G Zn|x+3|+4 (x+3)+/e
_ 1 x—1 1
T e e
dx—2 _ 3x—2
D22 dx=[—=—"—"—
)fx2_4 T G-+
Descomponem en fraccions simples:
3x—2 __ A , B _ Ax+2)+Bx-2)
x-=2)(x+2) x-2 x+2 (x=2) (x+2)

3x—2=A(x+ 2) + B(x—-2)

Busquem A4 i B:
x=2 — 4=44 - A=1
=2 — -8=-4B — B=2

Per tant:

fS.X'—z dx=f 1 dx+f 2 dx=
x2—4 x—2 X+ 2

=mlx=21 +2mlx+2l +k=mh[lx-21(x+2? +k
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32. Resol:

a)f 2x2+7x =1 gu b)f2x2+5x 2x%2+5x -1 gy
x3+x2-x-1 x3+x2-2x

~ 2+ 7x—-1 _ 28X+ 7x-1 _ A . B . _C _

XBrat-x—1 (x+12%(x-1D x+1 (x+1?* «x-1

_Ax+ D (x-D+Blx-D+ Clx+1D? _ Al - A+ Bx—B+ Cx*+2Cx+ C

(x+1D?(x=1 (x+1D?(x=1
A+C=2 A=0
B+2C=7 B=3

C-A-B=-1 C=2

f 2x% + 7x—1 dx=f( 3 + 2 dx = -3 +2[n|x—1|+/e

[ (x+D?*  x-1 x+1

2% +5x—-1 _ 23 +5x-1 _ A B c
b) 3 > = =" + = + =

X0+ x4 —2x x(x—-1) (x+2) X x—1 X+ 2

_ A =D (x+2)+ Bx(x+ 29+ Cx(x=1) _ Ax*+ Ax—2A4+ Bx* + 2Bx+ Cx*— Cx
x(x—1D (x+2) x(x—=1 (x+2)

A+B+C=2 A=1/2
A+2B-C=5 B=2
—2A4=-1 =-1/2

22+ 5w g (20 2 V2 G L vam e 1= L i xe 2y 4k
B+ a2 —2x x x-1 x+2 2 2

33. Resol les integrals segiients:

\/sz -Dd b arc sin x
a)f x (x—-1) dx )f V1—x2
C)IW dx d)f\/m sin x dx

a)f\/xz “ox(x—1) dx= %f\/xz Z 2 (2x—2) dx = %f(xz —20V2 2x—2) dx =

_ 1 @202, V-2t
2 3/2 3
b)fa\/rcsmx farcsmx' 1 - dx = %arcsin2x+l(
1- 1-x
3
)f (1+lnx) dx = f(l+lnx)2 % (1+lgz|x|) b
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(1 + cos x)>2

5/2 th=

d)f\/(l + cos x)° sin x dx = —[(1 + cos 2032 (=sin x) dx = —

_ 2V + cos x)°

+ k
5

2

34. Per resoldre la integral [cos3 x dx, farem cos3 x = cos x cos? x = cos x (1 —

—sin? x) = cos x —cos x sin? x. La descomponem en dues integrals immedia-
tes. Resol-1a.

Calcula després: f sin3 x dx

)
fcos3xdx=fcosxdx—fcosx- sin? x dx = sin x — % + k
fsm3 xdx = [sinx (i 0dx=|sinx (1 - cos® x)]d.x=fsmxdx— Sin x cos® x dx =

1
= —cos x + 3 cosd x + k

35. Calcula:
dx x%+2x -6
a) [ —& b dx
)fxz—x—z )fx3+x -
5x 2
C dx d dx
)fx3—3x2+3x—1 )fx3 9x+18

dx d
a)fxz—x—z x+D -2

Descomponem en fraccions simples:

1 _ A, B _ Ax-2+Bx+1D

(x+D(x-2) x+1 x-2 (x+ 1D (x-2)

1=Ax-2)+ Blx+ 1)

Busquem A4 i B:

x=-1 — 1=-34 — A=-1/3
x=2 — 1=3B — B=1/3

Per tant:

dx
fxz—x—z
xX—2

=_—117/l|.x+ 1| +lln|.x—2| +Ie=lh/l‘
3 3 3 x+1

—1/3 1/3
o f dx =

+ k
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4
b)fwdx=f(x—l+3xz—_6 dx

X+ X - 2x x(x—1D(x+2)

Descomponem en fraccions simples:

3x2 -6 .4, B , C
x(x—D(x+2) X x—1 x+ 2

3x% -6 _ A= D(x+2) + Bx(x+ 2) + Cx(x—1)
x(x—D(x+2) x(x—D(x+2)

3x2—6=Ax— D(x+ 2) + Bx(x+ 2)+ Cx(x—1)

Busquem 4, B i C:
x=0 — —-6=-24 — A=3
x=1 — -3=3B — B=-1
x=-2 —= 6=06C - C=1

Per tant:

fwdx=f(x_1+i_ P, 1 )dx=

X+ 5% - 2x

2
=x7—x+31n|x|—lnlx—ll+ln|x+2|+/e=
2 3
N ‘x(x+2) b
2 x—1
2
c)f 5% dx = de
X —3x2+3x-1 (x—1)3
Descomponem en fraccions simples:
Sx* A B . C  _ Ax-1D*+Bx-1D+C
(x-13 x-1  (x-1D? (x-13 (x—1)
S5x% = Alx—1? + Blx- 1D+ C
Busquem A4, B i C:
x=1 = 5=C A=5
x=2 — 20=A+B+C B=10
x=0 — 0=A-B+C | C=5
Per tant:
2
f 5 dx=f( 5 .10 . 5 e =
X3 —3x2+3x—1 x—=1 (x=1)? (x—1)3
—Shlx-11-—9 5 4y

x—=1  2(x-1)>?
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d)f 2x-3 doc = 2x-3
x5 —2x% —9x+ 18 (x=2)(x=3)(x+3)

Descomponem en fraccions simples:

2x—=3 .. A , B . C
(x=2D(x=-3)(x+3) Xx—-2 x-3 x+3
2x—-3 _ Alx=3)(x+3) + Blx=2)(x+3) + Clx=2)(x=3)
(x—=2(x-3)(x+3) (x=2)(x=3)(x+ 3)

2x—3 = Alx—3)(x+ 3) + Blx—2)(x+ 3) + Clx—2)(x—3)

Busquem A, B i C:
x=2 - =54 —= A=-1/5
x=3 — 3=06B — B=1/2
x=-3 — -9=30C — C=-3/10
Per tant:

f 2x-3 dx:f( -1/5 V2 310 o
—2x% - 9x+ 18 x—-2 x-3 x+3

-6 nlx—-21 L nlx—-31 -3 nlx+31 +k
5 2 10

36. Resol les integrals:

)flnxdx bfl sin x C)f 1 dx
x+cosx xnx
e +x x x +2
g)farctgx h)f sin x
1+x2 cos? x

2
flnxd =fl Inxde= 21X )
X 2

b)fwdx= nlx+ cosx! +k

X+ cosx

c)f L = (Y% e il il + &
xnx In x

d)fﬂdx= mle*+ x| +

eX¥+ x
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e)f 5

X

sin (1/x) doe =

e

-1 sm( )dx-cos(
x? X

1)+Ie
X

f)fﬂdx=f(2——)dx 2x—T7 Inlx+ 21 +k
x+ 2 X

+2

)fmfctg f 1 arctgxdx=Ltgzx+/e
1+ 2 1+ x? 2
; _ -3
h)fﬂdx=— (=sin x) (cos 074 s CLE VI NS SR
cost x -3 3 cos3 x
37. cCalcula f cos* x dx utilitzant Pexpressié: cos2x = % + s22x
2 .
COS4X=(l N cost) _ 1, cos*2x | cos2x _
2 2 4 4 2
=l+l(l+ cos4x)+ cos 2x _
4 4\2 2 2
=l+l+ cos4x+ Cos2x _ 3 . cOs4x N cos 2x
4 8 8 2 8 8 2
Per tant:
cost x d = (é+ cos4x+ cost)dx=éx+ sin4x+ sin2x+k
8 8 2 8 32 2
38. Resol les integrals indefinides:
a)fﬂdx b)fln (x —3)dx c)fln \ix dx
Vx Vx
d)fln (x2 + Ddx e)f(ln x)2dx f)fex cos e*dx
2 f h) f(l =x)%
1-—x2
a)f sz:;\/x dx==2[—— (—sm V) dx=-2 cos(Vx) + k
x

b)fln (x—3)dx
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u=mx-3 — du= dx

dv=dx — v=x

fln(x—ﬁ)dx=xlnlx—5l—f x3 dx=xln|x—3l—f1+ 3 dx =

x-3

=xlnlx=31 —x-3Mmlx-31 +k=(x-3)Inlx-31 —x+Fk

c)fln\/xdx
X
u=mvx — du=L_ L_—idx
Vx 2Vx  2x
U=L_dx - dv=2Vx
Vx

i AE o Vi | 2Vx Vs V- [ -

x 2x
=2VxmVx—-2Vx+k=2Vx(InVx-1)+k

d fm (2% + Ddx

2x
X2+ 1

u=nx*+1) — du= dx

dv=dx — v=x

2x2

X2+ 1

dx =

fln(x2+1) dx=xln(x2+1)—f

=xln(x2+l)—f(2— 2 )dx=xln(x2+1)—2x+2arctgx+/e
X%+ 1

e) f(ln X2 dx

w=(nx? — du=21nx ~%dx

dv=dx — v=x
f(lnx)zdx=x(lnx)Z—Zflnxdx=xln2|xl —2xnlxl +2x+k

f)fex cos e¥dx = sin e+ k

1 _ -1
g)fl—xz dx‘f(xu)(x—l) b

Unitat 12. Calcul de primitives




Descomponem en fraccions simples:

-1 _ A + B _ Alx—1) + B(x+ 1)
(x+D(x-1 x+1 x—1 (x+D(x-1

Busquem A4 i B:

x=-1 — -1=-24 — A=1/2
x=1 — -1=2B — B=-1/2

Per tant:
1 e ( /2, -1/2 ) e =
1—x? x+1 x—1

- L pixr 1+ L mix—1l +/e=zn\/
2 2

x+ 1
x—1

+ k

(1 - x)? X2 —2x+1 ( 4 )
W [L=97 dx = ([x- dx =
)f 1+x f x+1 xfx 3+x+1 *

—3x+4nlx+1l +k

[}

39. Resol:

a)f 1 dx
1+e*

@ En el numerador, suma i resta e”.

b X3 4
f\/9—x ~

@ Descompon-la en suma d’unes altres dues.

a)f dx f“‘)x‘ex f(l— er )=x—1n(1+ex)+/e
1+ e 1+ e¥ 1+ e¥

D[V e e [

=Vo—x% +3 L dx =—V9 — x? +5arcsm(£)+/e
f\/l—(x/S)Z 3

40. Resol per substitucio:

a) [xVx +1dx b)fd—xf c)f
x—Vx

x+1

d)fx ﬁdx e)fx+ i f)f 1+x
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@ qg)Fes x+1=1t2 b)Fes x =t% c) Fes x =12

a)fm/x+ 1 dx

Canvi: x+2 =12 — dx=2tdt
5 3
fx\/x+1 dx=f(t2—1)l~2tdt=f(2l4—2t2) dt=ZTP—ZTt+Ie=

_ 2\/(x5+ )’ 2\/(x3+ D,

of

Canvi: x=1* — dx=48dt
f dx_ _f415dz =f4zzdz =%f3t2dz =%Zn|15—1| b=

x—vVx J -t P-1 PB—1
=%znl4ﬁ-1l k

<) X dx
f\/x+ 1

Canvi: x+1=1> — dx=2tdl

2 3
f X dx=f(t D '2tdt=f(2t2—2) di= 25 24 =
Vx+1 14 3
3 I
=MXT+D—M” “k

d)f;i dx
x Va+1
Canvi: x+1=12 — dx=2tdt

1 2t dt 2 dt
—  — dx= —
f x Vx+1 ~ (2= 1Dt (t+ D=1

Descomponem en fraccions simples:
2 A ,_ B _ At—1) + B+ 1)

G+DG-D  1+1  1-1 G+ DU=—1D

2=At—1)+ B+ 1)

Busquem A4 i B:

t=-1 = 2=-224 — A=-1
t=1 - 2=2B - B=1
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Per tant:

2 dt - (—1 + 1 )dt=—ln|t+1|+ln|t—1|+/e=
+D0-1D t+1 t—1
=ln‘l_1 Tk
t+1
Aixi doncs:
f; P R s U
x Vx+1 Vx+1+1

1
e) — dx
fx+\/x

Canvi: x=t> — dx=2tdt

f 1 dx=f 2t dt =f2df 2l 1]+ k=
x+Vax 2+ t+1

=2m(Wx +1)+k

Vax
f)f1+x dx

Canvi: x=t> — dx=2tdt

. | ,
Va = (Lo2tdr _ 20 dt =f(2_ 2 )dl=

T+x 1+ 72 1+ 72 1+ 2

=2t-2arcigt+k=2Vx -2 arcigVx + k

41. Resol, utilitzant un canvi de variable, aquestes integrals:

o [i-xTax 0[S0 ofC=Car ofLoax

e +1 1+Vx

@ g) Fes x = sin .

a) x=sint
dx = cos t dt

. + 1 .
f\/l—smzt costdt=fcost-costdt=fcosztdt=M + k=

2

_arcsinx | x V1-x
2

+ k
2
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Kl e e L

2 1=3

x=1Int

exdx=dt

=f At(t—3) + B(t—=3) + Ct* =f At*—3At + Bt—3B+ Ct* ;-
-3 -3
Feu sistema:
A+ C=0 A=-1/9

34+ B=0 B=-1/3
3B =1 c=1/9

=f(_1/9+_1/3 s VO Ve s L e L s e k-
t # o 1-3 9 3 ?

|desfeu el canvi |

——11nex+%(e")_1+%lnlex—3l T +L+%zn|et3| iy

3e*
C)fe‘ax—ex dx
X+ 1
3_ 2_
ft roodt ft 1d f( )dz_z 2arclgt+k=e"-2 arclg e+ k
2+1 2 +1
d)f f— 2t dt f 2 dt—f( )dt:
1+\/x | 1 red
Vx=1
—dx dt
2Vx

=2t—Inlt+11]+k=2Vx—InIVx+ 1| +k

42, Troba la primitiva de f(x) =

1 ’ . =
1+ 3x que s’anul-la pera x = 0.

F(x)=f 1 dx=ldex=lm|1+3x|+/e
1+ 3x 3) 1+ 3x 3
FO) = k=0

Per tant: F(x) = _3—1 Inl1l + 3xl
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43. Troba la funcié F per ala qual F'(x) = Lz i F()=2.
x

F(x)=fL dx="L vk
x? x

F=-1+k=2 = k=3

Per tant: F(x) = ol 3
x

44. De totes les primitives de la funcié y = 4x — 6, quina d’aquestes pren el va-
lor 4 pera x =1?

F(x0) =f(4x—6) dx=2x%—6x+k

F(D=2-6+k=4 = k=8

Per tant: F(x) = 2x% — 6x+ 8

45. Troba f(x) sisaps que f"(x)=6x, f'(0)=1 i f(2)=5.

f0 =f6xdx= 3x% + ¢
S0 =3x*+1

FO)=c=1
S0 =f(3x2+l) dx=x>+x+k
f(2)=10+k=5 = k=-5

Per tant: f(x) = x>+ x-5

46. Resol les integrals segiients per substitucio:

a) f%dx b) f\/mdx

@ a) Fes Ve* =1 b) Fes Vex—-1-=¢

O f

Canvi: VeX =t — eY2=t — %=lnt — dx=%dt

e 1?2/ dt _ p2tdt _ ol 2 _
fl—x/? f 1-1 1-1 f(2+1—l)dt

= 2t—2Mmll—tl +k==2Ve* —2Inl1-VeX| +k
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b)f\/m dx

Canvi: VeX—1=1 — e¥=22+1 — x=In{2+1) — dx= 22t i

“+1
2
f\/ex—l dx=fz- 2t a’z=f 2t dz=f(2— 2 )dz=
2+1 2+1 2+1

=2t-2arctgt+k=2VeX—1 -2 arctgVe -1 +k

. 2
47. cCalcula [[-S""X gy
1+cos x

& Multiplica numerador i denominador per 1 —cos x.

sin® x _ sin? x (1 = cos x) _ (st x(d—cosx) . _
1+ cosx (1 + cos x)(1 — cos x) f 1 — cos® x

) _
=f sin” x (1 — cos x) dx=f(1—cosx) dx=x—-sinx+k
sin? x

48. Donada la funcié f: R — R definida per f(x) = (1 + x?) troba la primiti-
va de f la grafica de la qual passa per l'origen de la coordenada.

1+ &2

fln(1+x2)dx=fl-ln(1+x2)dx|=x~ln(l+x2)—fx- 2X e =

u=mQA+xd) v=x

2
du = X dv=1
1+ x?

=x~ln(1+x2)—2f x dx=x%n(1+x2)—2f(1— 1 )dt=
1+x? x*+1
=x- (1 +x*—2x+2arctgx+k

Si ha de passar pel (0, 0)

F(0)=0

0+k=0 — k=0 — F)=x (1 +x?-2x+2arcigx

49. Dr’una funci6é y = f(x), x >—1 en sabem que té per derivaday’ = 1 f en quea
x

€s una constant. Determina la funcio si, a més, sabem que f(0)=11i (1) = —1.

f 4 _dx=a-Inll+xl+ k=%
1+x

=1 a-mml+k=1 | k=1

a
SO=-1 a - n2+k=-1 n2

f) =2 mi1+xl+1
n?2
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50. cCalcula el valor de a per tal que una primitiva de f (ax? + x cos x + 1) dx
passi pel punt (T, —1).

f(ax2+cosx+1) dx =L x3 + cosx+xsinx+x+k=fx

S =-1 4 B rcosmAmsinmrn+ k=1
3
4w 1+n+k=-1
3
a

LR +n+k=0

De les opcions possibles una seria k=0 — L @3 +x=0 — a= =

2

3

51. Delafunci6 f(x) se sap que f'(x) = =357

ique f(2)=0.
a) Determina f.

b) Troba la primitiva de f la grafica de la qual passa pel punt (0, 1).

a)f 3 dx-— k- f»

(x+ 12 (x+ D
. B 3 B ~ 3
Sif(2)=0 ) = +hk=0 — k=1 — flx)= +1
if S a1 Sflx T
b)Si f(0) =1 JO =B k=0 - k=3 — Fx0) = 3 13
1 (x+ 1)

Pagina 328
52. Troba una primitiva de la funcio:
S&x) =x?%sinx
el valor de la qual per a x = 1 sigui 4.
F(x0) =fx2 sin x dx

Integrem per parts:

u=x2 — du=2xdx
dv = sinxdx — = —Cos X

F(x) = —x? cos x + focosxdx

[ —
11
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v = sinx

w,=x — du =dx
dv, = cos x dx —
I

= xsinx—fsmxdx= X Sin X+ cos x

Per tant:

F(x) = —x%cosx+2 xsinx+2cosx+k
Fm) =m?>-2+k=4 = k=06-m°

F(x) =—-x%cosx+2 xsinx+2cosx+ 6—mn?

Determina la funcidé f(x) sisabem que:

53.
S'@)=xnx, f(1D=0 i fle)= %

S =fx In x dx

Integrem per parts:

u=Inx — du=%dx
2
dv=xdx — U=i
2
Lo X X o2 X2 X2 1

1

B

(1= L(_1 R S -
JZe 2( 2)+Ie Lik=0 = &

1

o= e L) s L
S0 Z(an 2)+4

- ) e 2 _1 1
S f[z(lnx 2)+4]dx fz(lnx 2)dx+4x
7
u=(lnx——) —  du=—dx
2 3
dv=""dx - 0=
2 6
3 3 3
I x_(;nx_i)_fx_ dx-i(lnx_l)_i
6 2 18
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54.

55.

Per tant:

A 1 2 1
f““)‘?(’”‘?)‘l—sﬁx”e
e e e _ e e _e __é
A T I S T )
X0 1 x201 e3
=X - 22X L e
S 6(’” 2) 18 27 36

Calcula Pexpressié d’una funcioé f(x) tal que f'(x) =xe™ ‘i que f(0) = %

S0 =fxe‘xz dx=—%f—2xe‘x2 dx=—% e+ k

f(0)=—%+/e=% = k=1

Per tant: f(x) = —% e+ 1

Troba la funcié derivable f:[-1, 1] = R que compleix f(1) =-1 i

2_2x si -1=x<0
@)= %
f eX—1 siO=sx=<1

e Si x=0:

3
X X2+ k osi-1=x<0

fo=13

e¥—x+c¢ si O<x=s1

e Busquem k i ¢ tenint en compte que f(1)=-1 ique f(x) ha de ser continua
en x=0.

fDH=-1 = e-1+c=-1 = c=-¢

Iim f(x) =k
x—0
k=1-e

lim flx=1-¢
x—=0"

X3

Z—x*+l-e si -1=x<0

Pertant: f(x) =1 3

eX—x—e si O0=sx=s1
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56. D’una funcio derivable se sap que passa pel punt A(-1,—4) i que la deriva-
da és:

2—-x six=s1

J’N(“’)={1/x six>1

a) Troba l’expressio de f(x).

b) Obtén ’equacio de la recta tangent a f(x) en x = 2.

a)Si x=1:

2
Zx—i+/e si x<1

JS(x0) = 2

Inx+c si x>1

Busquem £ i c¢ tenint en compte que f(-1) = -4 ique f(x) ha de ser conti-
nuaen x= 1.

5 3
1) =—=— k=—-4 h=—_=2
e = P
p 3 3
/ =2 _2 =
S f0 =5 =5 =0
c=0
lim f(x) =c
x—=1"
2
2x—i—é si x<1
Per tant: f(x) = 2 2

n x si x=1

b f(2) = In2; f1(2)= %

L’equacio de la recta tangent sera: y = [n 2 + %(x— 2).

57. cCalcula:

a)f|1—x|dx b)f(3+|x|)dx c)f|2x—1|dx d)f‘%—z‘dx
a)f|1—x|dx

1-x si x<1
|1—x|— -1+x si x=1

X2

x—7+/e si x<1
f(x)=f|1—x|dx=

—x+7+c si x=1
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En x =1, lafuncié ha de ser continua:

lim f(x) = % Ty

x—=1 1
1 E+k=__+6:> c=1+k
lim fx)=—=+c¢
x—=1" 2
Per tant:
2
x—i+/e si x<1

—x+x7+1+/e si x=1

b)f(3+ | 2| ) dox

3—x si x<O0
3+|x|— 34+4x si x=0

2
3x— vk si x<0

S0 =[G+ x| el - 2

3x+7+c si x=0

En x=0, f(»x ha de ser continua:

lim f(x) =k
x—0
c=Fk
lim f(x) =c
x—0
Per tant:
3x—£+k si x<0
f(3+ | 2| ) dox =
3x+ 7+/e si x=0
c)f|2x—1|dx

5 2x+ 1 si x<1/2
1] =
126=1[= 950 21 si =102

—xr+x+k si x<

f(0 =f|2x—1|dx=
X2—x+c si x=

| = |-
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o=

J(x) ha de ser continua en x =

lim  fx) = % +k

x—(1/2)"
1 %He:_%” -
lim fx)=—-—+c¢
x—1/2)" 4
Per tant: 1
X2 +x+k si x< >
f|2x—l|dx=
5 1 . 1
Xf—x+—+ksi x=2—
2 2
d)ﬂﬁ-z‘dx
2
_X 4 si x<4
x 2
2 2=
R

X 2 si x=4
2

2
—xT+2x+/e si x<4

() =ﬂ§—z‘dx= )

%—2x+c si x= 4

f(x) ha de ser continua en x = 4:

lim flx)=4+k
x—=4
4+k=-4+c = c=8+k
lim fx) =-4+c¢
x— 4"

Per tant:
52
-+ 2x+k si x< 4

ﬂﬁ_z‘m K
2 X .
— —2x+ 8+ k si x=4

58. Calcula f 1 .
sin? x cos? x

2

2
f+ do =fw do =
sin? x cos? x sin? x cos? x
sin? x cos® x
=f— dx +f— dx =
sin? x cos? x sin? x cos? x

=f 1 dx+f 1 dx=1gx— colgx+k
cos® x sin? x
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59. Troba la primitiva F(x) de la funcio f(x) = 2x tal que F(x) =< 0 en I'interval
[-2, 2].

fodx=x2+/e=F(x)

Si F(x) = 0 en interval [-2, 2] vol dir que la parabola talla I'eix horitzontal en x = 2 i
x=-2.

Six=4+2hadeserarrel de F(x) — (22 + k=0 — k=-4 — Fx)=x*—-4

QUESTIONS TEORIQUES

60. Provaque, si F(x) ésuna primitiva de f(x) i C un nombre real qualsevol,
la funcidé F(x) + C és també una primitiva de f(x).
F(x) primitiva de f{x) < F(x) = f(x)
(Fo) + C©)'= FI(0) = f(0) = F(x)+ C és primitiva de /().

61. Representa en cada cas tres primitives de la funcio f la
grafica de la qual és la segiient:

a) 2 /

S =2 = Flx)=2x+k

Per exemple:

F(x) = 2x
Fz(x) =2x+1
Fg(x) =2x-1

les grafiques de les quals son:

FZ £ 1

NG
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62.

63.

64.

J(x0) =2x = Flx)=x>+k

Per exemple:

Fy(x) = x?
Fy(x) = x*+ 1
Fy(0 = x2—-1

les grafiques de les quals son:

\
\\
A\\

\
\

o e]
~

CRELO VI N N

4
NN

—_

Saps que una primitiva de la funcido f(x) = o (x)=In |x|. Per que es
pren el valor absolut de x? X

Sl = L esta definida peratot x=0; iésladerivada de la funcio:
X

n x si x>0
n(=x) si x<0

F(x) = {

és a dir, de F(x) = Inlx|.

En una integral fem el canvi de variable e* =t¢. Quina és 'expressio de dx
en funcio de ¢?

eX=t - x=Int — dx=%dl‘

Comprova que: 1
) f cos x

dx =In |sec x +ig x| +k

Hem de provar que la derivada de f(x) = Inlsecx+ g x|+ k és f(x) = v
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Derivem f(x) = ln‘w‘ + k:

COoS X
cos? x + sin x(1 + sin x) cos® x + sin x + sin* x
2

cos? x cos x

S0 = , = : -
1+sinx 1+ sinx
coS X
1+ sinx 1

(1 + sin x) cos x cos X

1

sinxcosxdx:lnltgx| tk

65. Comprova que: f
Hem de comprovar que la derivada de la funcio f(x) = Inltg x|+ k és [f'(x) =

1
Sin X cos x

Derivem f(x):

1g x Sin x/cos x Sin X COS X

) = 1/cos® x _  1/cos®> x 1

66. Sense utilitzar-hi calcul de derivades, prova que:

4
1 ie@="X

F(x) = X
1+t 1+ x4

son dues primitives d’una mateixa funcio.

Si F(x) i G(x) son dues primitives d’una mateixa funcio, la seva diferéncia és una
constant. Vegem-ho:

-1

4 4
F) — G(x) = — 2 —( X )=“x
1T+ \1+at] 14+

Per tant, hem obtingut que: F(x) = G(x) + 1

Aixi doncs, les dues son primitives d’una mateixa funcio.

67. Siguin f i g dues funcions primitives i derivables que es diferencien en una
constant. Podem assegurar que f i g tenen una mateixa primitiva?

No. Per exemple:
f)=2x+1 — Fx)=x*+x+k
g =2x+2 — G =x>+2x+c

S0 i g(x) soOn continues, derivables i es diferencien en una constant (ja que f(x)
= g0 -1D.

Tanmateix, les seves primitives, F(x) i G(x) respectivament, son diferents, quals-
sevol que siguin els valors de & i c.

Unitat 12. Calcul de primitives



Pagina 329
PER APROFUNDIR

68. Per integrar una funcié el denominador de la qual és un polinomi de segon
grau sense arrels reals, distingirem dos casos:

a) Si el numerador és constant, transformem el denominador per obtenir
un binomi al quadrat. La solucid sera un arc tangent:

fx2+4x+5 _f(x+2)2+1
(Completa’n la resolucio.)

b) Si el numerador és de primer grau, es descompon en un logaritme nepe-
ria i un arc tangent:

(x +5)dx _ 1 2x +10 2x+2 4.1 8dx
x2+2x+3 fo2+2x+3 2f 24+2x+3 fx2+2x+3

(Completa’n la resolucio.)

a) X = X =arcleg(x+2)+k
fx2+4x+5 f(x+2)2+1 <8

b) (x+5)dx  _ 2x+10 g _ 2x+2 g1 8 dx _
fx+2x+5 2fx+2x+3 2fx+2x+5 fx+2x+3

1 dx
—In(x*+ 2 44—
5 n(x+2x+3)+ f(x+1)2

1 2 dx  _
2ln(x +2x+5)+2f(L_1)2+1
V2
- ln(x2+2x+s>+z\/sz
(x+1) 41
V2

L+ 2x+3)+2v2 arctg(xtl)+/e
2 V2

69. Observa com es resol aquesta integral:

f x+1 dx
x3+2x2+3x

x3+2x2%2+3x =x(x?+2x +3)

La fraccio es descompon aixi: __x+1 A, Bx+C
x3+2x2+3x X xZ+2x+3
Obtenim: A4 = l, B =—l, C= 1
3 3 3
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Substituim: I = lfldx _1 de
3 X 3 x2 +2x +3

(Completa’n la resolucio.)

Completem la resolucio:

[——f— B L
5 X2+ 2x+ 3

llnlxl f 2X = 2 x——lnlxl fZX+2 4 dx =
3 0J x2+2x+3 3 0J x2+2x+3

Lnixl - f 2x =2 x+£f—dx Q
3 60J x2+2x+3 3 x2+2x+3

© (Vegeu en I'exercici 49, apartat b), el calcul de f dx )

X2+ 2x+3])

70. Resol les integrals segiients:

2x —1 1 2+3x+8
dx b d
)fx +x )fx5+1 N )f x%2+9
& [2x*10 4 o [—2  ax D dx
fx2+x+1 fx2+3x+4 (x+1)2?x2+1)

& e) Multiplica numerador i denominador per 4.

a)f2x—1 dx:f 2x—1 dx
X+ x x(xr+ 1)

Descomponem la fraccio:

_2x-1 _ A Bx+C _ AW*+ 1)+ Bx*+ Cx
N O x(x%+ 1)

2x—1=Ax*+ 1 + Bx? + Cx
Busquem A4, B i C:

x=0 — -1=4 A=-1
x=1 — 1=24+B+C — 3=B+C B=1
=-1 - —3=24+B-C — -1=B-C| C=2

Per tant:

dx ( _X+2 )dx=
fx + x f x2+ 1
= f dx+2f

X 2 x*+1 x2+1

=—Inlxl + ? mG?+ 1D +2arcigx+k
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b) f L = dox
X3+ 1 (x+ D —x+ 1)
Descomponem la fraccio:

1 .4 , Bx+C

(x+Dx2-—x+1 x+1 x2—x+1

A —x+ 1D+ Bx(x+ 1D + Clx+ 1)
(x+ D2 -—x+1)

1=Ax*—x+1)+Bx(x+1) + Clx+1)
Busquem 4, B i C:

x=-1 — 1=34 - A=1/3
x=0 — 1=4+C - C=2/3
x=1 — 1=A4+2B+2C — B=-1/3

Per tant:
X
f 1 dx=f‘1/3 dx+fgdx=
o+ 1 x+1 xr—x+1

=lln|x+1| f =
3 X2 —x+1

1 1 2x— 4
Lo Lp2x=4 g
3 Inlx 6fx2—x+1 54
1 1 pr2x—1-3 -
=—Inlx+1l - = =2——2 dx=
3 6fx2—x+1
L xrnio L p2x=1 g L dx
3 x2—x+1 2) x2—x+1
1
S L PR R Sy BN S S S S
3an+ 6n(x x+ 1)+ f( )+j
2 4
_1 3 1 4/3 _
- 31 lx+ 11— n(x x+ 1)+ f—(ZX+1) » dx
V3
- Linlx+11- ln(xz—x+1)+\/3 V3 dx =
3 6 3 (2x—1)2+1
V3
=lln|x+1|—lln(x2—x+1)+ﬁ arctg(zx:1)+/e
3 6 3 V3
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o x+3x+8dx (1+3x—1)dx=x+ 3% e dx  _
f f X%+ 9 fx +9 fx2+9

_x+_f — de:
x*+9 (/3% + 1

—x+—ln(x2+9)——arctg(3)+/e

d)fﬂ dx:fM dx:f& dx+9f; dx =
X2+ x+1 X2+ x+1 2+ x+1 X2+ x+1
= In(x? +x+1)+9f—3=
( 2) 4

= In(x®+ x+ 1)+6\/SIL\/52 dx =
[Pt
V3

= In(x2+ x+1) +6V3 arctg(zai/+1)+/e
3

e)f*dx= Adx=f—dx=
X2+ 3x+4 4x% + 12x + 16 QRx+3)2+7

S et e
RN
V7 V7
_ 47 ar tg(zxi5)+/€
-
dx

(x+D* 2+ D
Descomponem la fraccio:

1 -4 B + Cx+ D

(x+1D?(x2+1) x+1  (x+ 1?2 X2+ 1

1=Alx+ D2+ 1)+ B2+ 1)+ Cx(x+ 12+ D(x+ 1)2

Trobem A, B, C i D:

x=-1— 1=2B — B=1/2 A=1/2
x=0 — 1=A+B+D B=1/2
X = — 1=4A+2B+4C+4D [ C=-1/2
x=-2 — 1=-5A+5B-2C+D D=0
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Per tant:

dx =(1/2+ 2 1 x g
f(x+1)2(x2+1) fX+1 (x+1? 2 x*+1

D S Sy R
Tt D 4ln(x + 1)+ k

= lln|x+1|—
2

PER PENSAR UNA MICA MES

71.

72.

S’anomena equacio diferencial de primer ordre una equacié en qué, a més
de les variables x iy, figura també y'. Resoldre una equacio diferencial és
buscar una funcié y =f(x) que verifiqui 'equacié proposada.

Per exemple, 'equacio x y2 +y'=0 es resol aixi:

dy
y'=—xy? - E=—xy2 — dy =—=xy?dx

En separem les variables:
d d
—32} =xdx — f—"zi =f(—x)dx
y y
2

2
_l=_x_+k —>y=

y 2 x%2-2k
Hi ha infinites solucions.

Busca la solucid que passa pel punt (0, 2) i comprova que la corba que ob-
tens verifica 'equacio proposada.

¢ Busquem la solucié que passa pel punt (0, 2):

2 2 -1
= - 2=—"" = —4k=2 = k=—
YT 2k ~2k 2
2
Pertant: y=
Y x*+1
e Comprovem que verifica 'equacié x)? + y'=0:
2
xy2+y,=x( 2 )_ dv o4 4x
1 (a2 + 1) (e + D+ 12
4x 4x

- (XZ + 1)2 (xz + 1)2

Resol les equacions segiients:

a)yy —x=0 b)y2y —x%=1 Ay —xy=0
Dy Vx —y=0 ey'e’+1=e* Dx2y'+y2+1=0
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b)yZy/_x2= 1

o d+xt L ody 1+

= Y dy=>10+x% dx
yZ dx yZ

3 3
fyzdy=f(l+x2)dx = y?=x+x?+/e:>

= P =3x+x0+3k = y=V3x++ 3k

Ay —xy=0

Y =xy = —y=xy = %=xdx = f@=fxdx
y

Zn|y|=§+/e = |yl=ex/Drk

x o pdypdx
Vax y Vx
iyl =2Vx +k = |yl =eVx+k
ey e+1=e"

X X
y,=e—1 - dy e -1
eV dx ey

edy=(e"-1Ddx = feydy=f(ex—l)dx
eV=e"—x+k = y=he*-x+hk

Hx?y+y?+1=0

—1 -2 dy - 2 -
V= zy = d_y= (1+2)/) = dy2=_1dx
X X X 1+y X
_dy idx = arctgy=l+le
1+9)? x? x

1
=ig|—+k
y g(x )
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